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Abstract
We present the anisotropic version of the classical Alon–Boppana theorem on the asymptotic
spectrum of random walks on infinite families of graphs. The relations to the Grigorchuk– ˙Zuk
theory—on the space of graphs with uniformly bounded degree and the continuity of the spectral
measure of Markov operators related to the Alon–Boppana theorem and the Burger–Greenberg–Serre
theorem—are also indicated.
© 2003 Elsevier Ltd. All rights reserved.
1. Introduction
Let X = (V , E) be a connected k-regular nonoriented graph with no loops nor multiple
edges. An edge-coloring of X is a map L : E → {1, 2, . . . , k} such that for all x ∈ V the
restriction of L to the set of edges incident to x is surjective (i.e. bijective). If X admits
such a map we say that X is k-edge-colorable.
Suppose that X is k-edge-colorable and let p1, p2, . . . , pk ∈ R+ be some weights,
not necessarily distinct, such that
∑k
i=1 pi = 1. We can then define a weight map
P : E → {p1, p2, . . . , pk} by
P({x, y}) = pL({x,y})
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for all {x, y} ∈ E ; we then refer to (X,P) as to a weighted graph and simply write px,y
for P({x, y}).
Example 1.1. Let G be a finitely generated group and chose S ⊆ G a finite and
symmetric (S = S−1) set of generators. Suppose that the corresponding Cayley graph
C(G, S) is bipartite (i.e. the set of vertices V is the disjoint union V = V1∐V2 of
two subsets and each edge e ∈ E is incident to both V1 and V2); this is equivalent
to G having, in its presentation determined by S, no relations of odd length. Let S =
{g1, g2, . . . , gt; gt+1, gt+2, . . . , gt+s} where the gt+i ’s are (possibly absent) involutions;
then C(G, S) is a k-regular graph (k = t + s). The weight-map P is defined as follows:
P({g, gi g}) =


pi if g ∈ V1 and 1 ≤ i ≤ t,
P({g−1i g, g}) if g ∈ V2 and 1 ≤ i ≤ t,
pi if t + 1 ≤ i ≤ t + s.
More generally, it is a well known fact (Ko¨nig’s theorem, [3, 8, 27]) that a k-regular
bipartite graph is always k-edge-colorable; in [6] we study edge-colorability for k-regular
graphs and introduce a generalization of Vizing’s classification ([3, 8, 27]). Sometimes, in
the case of Cayley graphs one asks for the condition P({g, gi g}) = P({g, g−1i g}) and one
refers to symmetric weights.




2 < ∞} denote the Hilbert
space of complex square–summable functions on V . The Markov operator M = M(X,P)
associated with the weight P is the bounded self-adjoint linear operator
M : 2(V ) → 2(V )
defined by




for f ∈ 2(V ) (here and in the sequel we write x ∼ y if {x, y} ∈ E). We recall that
given x , y ∈ V and denoting by δv ∈ 2(V ) the characteristic function of a vertex v ∈ V ,
the quantity p(n)x,y = 〈Mnδx , δy〉 expresses the probability of reaching vertex y in n steps
starting form vertex x . Obviously when n = 1 one has p(1)x,y = px,y.
Denote by σ(X,P) = σ(M) = {µ ∈ C : (µI − M) has no bounded inverse} the
spectrum of M . Then σ(X,P) ⊆ [−1, 1] and the spectral radius ρ(X,P) = ρ(M) =
sup{|µ| : µ ∈ σ(M)} is equal to ‖M‖ = sup0 
= f ∈2(V ) ‖M f ‖/‖ f ‖, the 2-norm of M , and
to the lim supn→∞
n
√
p(n)x,y (for all x , y ∈ V ).
If X is finite, say |V | = n, denote by
µ0 ≥ µ1 ≥ µ2 ≥ · · · ≥ µn−1
the spectrum of M (that is the set of eigenvalues); it is well known that ρ(M) =
µ0 = 1 has multiplicity one (since X is connected) so that the spectral gap is positive:
λ1 = µ0 − µ1 > 0; moreover µn−1 = −1 if and only if X is bipartite.
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w2 + p2i − w
)}
.
Note that in the isotropic case, namely when the weights are all equal, that is pi = 1/k,
denoting by Q the corresponding weight, then ρ(Tk,Q) = 2
√
k − 1/k, a well known
result going back to Kesten [17].
For a finite (connected) subset of vertices F ⊆ V denote by
∂E F = {{x, y} ∈ E : |{x, y} ∩ F | = 1}
the edge-boundary of F which consists of all edges joining F with its complement





the flow from F . The quantity






is the edge-isoperimetric constant of (X,P). Note that if X is finite, say |V | = n, then one
can write
hP (X) = inf
F ⊆ V
0 < |F | ≤ n/2
∆F
|F | .
If px,y = 1/k (namely in the isotropic case) hQ(X) =: h(X) is the (classical)
isoperimetric constant of X . For instance, the (classical) isoperimetric constant of a
k-regular tree Tk is h(Tk) = k − 2 (see, e.g. [5]).
Problem 1.2. Compute hP (Tk).
The following are generalizations of classical theorems relating the (anisotropic)
isoperimetric constant of X with the (anisotropic) spectral gap (recall that λ1 = µ0 −µ1).
Theorem 1.3. Let (X,P) be a weighted regular graph. Then
h2P (X)/2 ≤ λ1(X,P) ≤ 2hP(X).
In the isotropic case the first inequality is due to Dodzjuk [9], while the second one is a
result of Alon–Milman [1]. A proof of the generalization to the anisotropic case (in fact in
a Markov-chain setting) can be found in [25].
A finite k-regular graph X is called Ramanujan [7, 26] if, for every eigenvalue µ of the
isotropic Markov operator M , either |µ| = ±1 or |µ| ≤ 2√k − 1/k. It is a well known
result of Alon and Boppana [19, 20] that the bound |µ| ≤ 2√k − 1/k is the best possible
if one seeks an infinite family of regular graphs of a fixed degree k
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Theorem 1.4 (Alon–Boppana). Let Xn = (Vn, En) be an infinite family of k-regular
graphs such that |Vn| → ∞ as n → ∞. Then
lim inf
n→∞ µ1(Xn) ≥ 2
√
k − 1/k.
The purpose of this note is to generalize the Alon–Boppana theorem in an anisotropic
setting.
We mention that in his Ph.D. Thesis Y. Greenberg [13] introduced a notion of
Ramanujan graph for a general finite graph (not necessarily regular). Namely a finite graph
X is called Ramanujan if for every eigenvalue µ of the corresponding Markov operator
M , except the Perron–Frobenius eigenvector and its negative, |µ| ≤ ρ(X˜), where ρ(X˜) is
the spectral radius of the universal covering tree X˜ of X (note that if X is k-regular, then
X˜ = Tk). Then, Greenberg extended the Alon–Boppana result in this non-regular setting.
Our generalization is, in some sense, orthogonal to Greensberg’s. Instead of removing
the regularity of the graph X we remove the homogeneity (or isotropicity) of the
corresponding random walk.
We also mention the recent works of Friedman and Tillich [11] where the spectral theory
of expanders (and the corresponding “Alon–Boppana” bound) is related to the theory of
error-correcting codes (and the asymptotic upper bounds for their minimum distance)
and of Shlomo Hoory, [16], where the spectral radius of the universal cover of a graph
(not necessarily regular) of average degree d ≥ 2 is estimated, yielding a corresponding
Alon–Boppana bound.
The paper is organized as follows. In the next section we introduce the concept of
weighted expanders and discuss some properties and their existence (see Section 2); we
then prove the anisotropic Alon–Boppana theorem (in Section 3) and finally, in the last
section, we discuss some further generalization stimulated by the works of Greenberg and
of Grigorchuk and ˙Zuk [14].
2. Weighted expanders
The notion of a weighted expander is quite natural, since in practice, when dealing with
networks, it often happens that connections might be built with different materials (thus
with different conductance) and/or the connection between two close nodes can be “more
difficult” than between some other two.
Definition 2.1. Let X = (V , E,P) be a finite, connected k-regular weighted graph, with
n vertices (so the edges are |E | = kn/2). X is an (n, k, c)-weighted expander or, briefly,
an (n, k, c,P)-expander if for all F ⊆ V one has




where Fc = V \F is the complement of F .
Clearly every finite connected k-regular weighted graph is a (n, k, c)-weighted expander
for some c > 0 in a trivial way.
T. Ceccherini-Silberstein et al. / European Journal of Combinatorics 25 (2004) 735–744 739
One seeks families {Xn = (Vn, En,Pn)}n∈N of (|Vn|, k, c,Pn)-weighted expanders
with |Vn| → ∞ as n → ∞ and with k and c fixed (obviously c > 0). More precisely one
usually wants k  +∞ and c  0.
Proposition 2.2. Let X = (V , E,P) be a k-regular weighted graph with n vertices.
(i) If X is an (n, k, c,P)-expander, then hP (X) ≥ c2 ;
(ii) X is an (n, k, hP (X),P)-expander.
Proof. (i) If F ⊆ V and |F | ≤ n2 , then
∆(F)
|F | ≥ c
|F | · |Fc|






(as |Fc| ≥ n2 ).
(ii) For all F ⊆ V one clearly has
∆(F)
min{|F |, |Fc|} ≥
∆(F)
|F | ≥ hP (X)
so that
∆(F) ≥ hP (X)|F | · |Fc|n
(note that |F |/n and |Fc|/n are ≤ 1). 
In virtue of the above proposition and of Theorem 1.3, for a family {Xn =
(Vn, En,Pn)}n∈N of k-regular weighted graphs (with Pn : En → {p1, p2, . . . , pk} and
|Vn| → ∞ for n → ∞) the following conditions are equivalent:
• inf{c > 0 : Xn is a (|Vn|, k, c,Pn)-weighted expander, n ∈ N} > 0;
• inf{hPn (Xn)} > 0;
• inf{λ1(Xn,Pn) : n ∈ N} > 0.
The last condition is called the spectral condition of (weighted) expanders. Thus as
bigger (i.e.  0) the spectral gaps λ1(Xn,Pn) = 1 − µ1(Xn,Pn) of the graphs Xn are,
better (weighted) expanders (from the spectral point of view) the graphs Xn are.
Let X = (V , E) be a graph. For a subset of vertices F ⊆ V denote by
∂V F = {x ∈ V : x /∈ F, ∃y ∈ F, y ∼ x} ⊆ V
the (vertex)-boundary of F , which consists of vertices in V at distance one from F .
If X is k-regular we clearly have
|∂V F | ≤ |∂E F | ≤ k|∂V F |. (3)
The classical definition of expander is as follows (see, e.g. [19]):
Definition 2.3. An (n, k, c)-expander is a k-regular graph with n vertices such that
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Thus, by virtue of Eq. (3), a classic (n, k, c)-expander is automatically an isotropic
weighted-expander in the sense of Definition 2.1 and, conversely, an isotropic (n, k, c,Q)-
expander is an (n, k, ck )-expander in the classical sense.
More generally, let p ≡ (p1, . . . , pk) be some weights such that pm := p1 ≤ p2 ≤
· · · ≤ pk =: pM . As
kpm|∂E F | ≤ ∆F ≤ kpM |∂E F |,
one obtains from Eq. (3) that any classical (n, k, c)-expander which is k-colorable
is an (n, k, kpmc; p)-expander and, conversely, any (n, k, c; p)-expander is a classical
(n, k, ck2 pM )-expander.
Theorem 2.4. Weighted expanders exist.
Proof. We observe, in two different ways, that bipartite expanders in the classical sense
exist; from Ko¨nig’s theorem and the above observations the assertion then follows
immediately.
The graphs X (p, q) constructed in [21] (see also [7, 19]) are bipartite when p is not a
quadratic residue mod q . They also constitute examples of Ramanujan graphs, thus they
are the best expanders from the spectral point of view [7, 26].
On the other hand let G be a finitely generated group with the property (T ) of Kazhdan
(see, e.g. [15, 18, 19]) or, more generally with property τ (see [19]) with a (necessarily
normal) subgroup N of index [G : N] = 2 and let S be a finite set of generators outside N .
Then the Cayley graphs C(G/Ni , S) corresponding to the finite quotients relative to a
decreasing sequence {Ni }i of normal subgroups (guaranteed from properties (T ) and/or τ )
constitute a family of bipartite expanders. We recall that the construction of expanders
using property T of Kazhdan is due to Margulis. 
In [19] and [22] a non-constructive but yet remarkable proof of the existence of
(classical) expanders is presented with the so-called “probabilistic method” (i.e. a` la
Erdo¨s). This is done by showing that for k ≥ 5 almost all k-regular graphs on n vertices are
(n, k, 1/2)-expanders. A similar argument can be used to derive the existence of bipartite
expanders; in this spirit we formulate the following:
Problem 2.5. What is the asymptotic density (as n → ∞) of bipartite (n, k, 1/2)-
expanders (among the k-regular bipartite graphs)?
3. The anisotropic Alon–Boppana theorem
Let X = (V , E,P) be a weighted finite connected graph, not necessarily regular. The
(weighted) universal cover X˜ = (V˜ , E˜, P˜) of X is defined as follows. Fix a base vertex
v0 ∈ V and set
V˜ = {p = (v0, v1, . . . , vn) : {vi , vi+1} ∈ E; n ∈ N}.
Moreover, say p1 = (v0, v1, . . . , vn), p2 = (v0, v1, . . . , vn , vn+1), then (p1, p2) is an
edge and E˜ consists only of these elements, and P˜({p1, p2}) = P({vn, vn+1}). It is easy
to see and well known that X˜ is a tree.
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If X is k-regular, then (X˜ , P˜) ∼= (Tk, P˜) is the P˜-weighted k-regular tree.
The main result of this note is the following theorem that generalizes the Alon–Boppana
theorem in an anisotropic setting.
Theorem 3.1. Let {Xn = (Vn, En,Pn)}n∈N be an infinite family of weighted k-regular
graphs with Pn : En → {p1, p2, . . . , pk} and |Vn| → ∞ as n → ∞, then
lim inf
n→∞ µ1(Xn,Pn) ≥ ρ(Tk, P˜).
Proof. Let (Tk, P˜) be the weighted k-regular tree and M˜ := M(Tk, P˜) its Markov
operator; fix a point e ∈ V (Tk). Let (X,P) be an element of the infinite family. If
diameter (X). ≥ 2r + 1 we choose vertices x1, x2 ∈ X s.t. d(x1, x2) ≥ 2r + 1.
Then B(x1, r) ∩ B(x2, r) = ∅. Consider the functions δi = χ{xi } ∈ 2(V (X)) and
δe = χ{e} ∈ 2(V (Tk)). Then f := δ1 − δ2 ∈ 20(V ) = {g ∈ 2(V ) :
∑
v∈V g(v) = 0}, the
orthogonal complement of constant functions on V (X), and ‖ f ‖2 = 2.
We have
‖M˜r (δe)‖ = 〈M˜r δe, M˜r δe〉1/2
= 〈M˜2r δe, δe〉1/2 = {p2rP˜ (e, e)}
1/2
≤ {p2rP (xi , xi )}1/2 = ‖Mr (δi )‖,
where the inequality follows form the fact that (Tk, P˜) covers (X,P).
One has ‖Mr ( f )‖2 = ‖Mr (δ1)‖2 + ‖Mr (δ2)‖2: indeed Mr (δ1) and Mr (δ2) are
supported on disjoint subsets, namely Br (x1) and Br (x2), and therefore they are
orthogonal. Setting M0 = M|20(V ) we then have
2‖M0‖2r = ‖M0‖2r‖ f ‖2 ≥ ‖Mr0 f ‖2 = ‖Mr f ‖2
= ‖Mr δ1‖2 + ‖Mr δ2‖2 ≥ 2‖M˜r δe‖2.
Thus ‖M0‖ ≥ ‖M˜r δe‖1/r = 〈M˜r δe, M˜r δe〉1/2r = {p2rP˜ (e, e)}1/2r . As n → ∞
the diameter also goes to infinity (k is fixed) hence, recalling that, for r → ∞,
{p2rP˜ (e, e)}
1/2r → ρ(Tk, P˜), taking the lim inf we get
lim inf
n→∞ ‖M0,n‖ ≥ ρ(Tk, P˜).
The result then follows since ‖M0,n‖ = sup{|µ| : µ ∈ σ(M0,n)} = µ1(Xn,Pn). 
4. Further generalizations
In [14] Grigorchuk and ˙Zuk presented a new proof and an extension of the
classical Alon–Boppana Theorem to the space of graphs with uniformly bounded degree.
Accordingly we introduce the following definitions.
Let X = (V , E) be a graph, not necessarily regular, but of uniformly bounded degree,
i.e. supy∈V d(y) < ∞, where d(y) = |∂V ({y})| = |{x ∈ V : x ∼ y}|.
Let 2d(V ) be the Hilbert space of functions on V with the inner product 〈 f, g〉 =∑
x∈V d(x) f (x)g(x).
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Let P = {p1, . . . , ps} be a (fixed) finite set of positive real numbers, pi > 0.
A map P : E → P such that for all x ∈ V ,∑
y∈V :y∼x
P({x, y}) = 1
is a weight of X and we shall refer to this last as a P-weighted graph; we also denote
P({x, y}) by px,y.
The corresponding Markov operator M = M(X,P) is now defined by M f (x) =∑
y∼x px,y f (y). Note that if X is k-regular, although the inner products (and thus the
norms of the functions) in 2(V ) and 2d(V ) differ by the constant ratio k, the Markov
operators together with their spectra, norms (ρ(X,P)) etc. are identical.
Given a graph X = (V , E) with a weight P : E → P and a choice of a vertex v ∈ V
we call (X, v,P) a marked P-weighted graph.
In the space of uniformly bounded P-weighted marked graphs we introduce the distance
Dist((X1, v1,P1), (X2, v2,P2)) = inf
{
1
n + 1 : BX1(v1, n) is weight-preserving
isometric to BX2(v2, n)
}
where BX (v, n) is the ball of radius n in X centered in v and color preserving means that if
φ : BX1(v, n) → BX2(v2, n), is such an isometry, necessarily pφ(x),φ(y) = px,y,∀{x, y} ∈
E(BX1(v1, n)).
Slightly modifying the proof of Theorem 3 in [14] one has that for all fixed P =
{p1, . . . , ps} and K > 0, the space of P-weighted marked graphs of uniformly bounded
degree ≤ K is compact. Moreover given any marked weighted graph (X, V ,P) of bounded
degree K then there exists a sequence of finite marked P-weighted graphs (Xn, Vn,Pn)
(of uniformly bounded degree ≤ K ) converging to (X, v,P).
Observing that if f : (X1,P1) → (X2,P2) is a covering of two P-weighted graphs
X1, X2 (in particular px,y = p f (x), f (y)∀{x, y} ∈ E1), then ρ(X1,P1) ≤ ρ(X2,P2), one
then deduces the analogue of Theorem 2 in [14], namely the fact that the spectral measure
µ(X,P) (associated with the Markov operator M(X,P)) is a continuous (measure valued)
function with respect to the weak topology on the space of marked P-weighted graphs.
One then obtains the non-regular (P)-weighted versions of the Alon–Boppana theorem
along the lines of Theorem 4 and Proposition 6 from [14]. As the proofs follow step by
step those in [14], we omit them.
Theorem 4.1. Let {(Xn, vn ,Pn)}∞n=1 be a sequence of finite marked P-weighted graphs
convergent to (resp. covered by) the marked P-weighted graph (X, v,P). If |Vn| → ∞
then
lim inf
n→∞ µ1(Xn,Pn) ≥ ρ(X,P).
We end the note with the anisotropic version of Corollary 1 from [14].
Theorem 4.2. Let (X,P) be an infinitely connected P-weighted graph and (Xn,Pn) be
a family of finite connected P-weighted graphs s.t. for each Xn there exists a group Γn
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acting on X s.t. Γn\X = Xn and P ◦ πn = Pn): in particular the finite graphs (Xn,Pn)
are covered by (X,P): we denote by πn : X → Xn the quotient map). Then for every
 > 0 there exists c = c(X,P, ), 0 < c < 1 s.t. at least c|Vn| eigenvalues µ of (Xn,Pn)
satisfy µ ≥ ρ(X,P) − . In particular for any r ∈ N one has
lim inf
n→∞ µr (Xn,Pn) ≥ ρ(X,P)
where µ1(Xn,Pn) ≥ µ2(Xn,Pn) ≥ · · · are the eigenvalues of M(Xn,Pn) listed in
ordered way.
The original statements were proved by Greenberg [13] and Burger [4] although the
case X = Tk was already observed by Serre [23, 24]. See also the monograph of Winnie
Li [18] for more on this.
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